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• Abstract -We consider a model system of phase oscillators which are connected in a random network. The network favors the connection of oscillators with close values of phases. We extend the order parameter used in the study of synchronization of phase oscillators and define generalized order parameters for the model system. We investigate the equilibrium properties of the model and reveal a phenomenon of stepwise transitions to higher degrees of coherence as the system goes through a series of second-order phase transitions for the order parameters. We also discuss a possible realization of the model in real physical systems.
Copyright c EPLA, 2012
Introduction. -The phenomenon of collective synchronization was first recognized to be ubiquitous in nature and studied mathematically by Wiener [1] . Since then the synchronization in nonlinear systems of coupled phase oscillators as a phenomenon that plays a key role in many processes taking place in nature and technology was systematically studied by Winfree [2] and Kuramoto [3] . Recent reviews on the development can be found in [4] [5] [6] . Among the systems where the phenomenon was revealed are biological clocks [2] , chemical reactions [3] , coupled map lattices [7] [8] [9] [10] , coupled random frequency oscillators [11, 12] , cardiorespiratory coupled system [13] , etc.
The direction was recently connected with the research on complex networks [14] [15] [16] and processes taking places in them [17, 18] . Synchronization in networks such as the Erdős-Rényi random graph [19] , small-world networks [20, 21] , scale-free networks [22] [23] [24] [25] [26] [27] and the synchronization of chaotic systems on time-varying networks [28] are phenomena that were considered due to their importance in physical processes taking place in real-world networks.
Influence of various noises and delay on synchronization of the stochastic Kuramoto model had also been studied ( [29, 30] and references therein). Another class of models consists of nonlinear systems in the presence of thermal (a) E-mail: pkaren@phys.sinica.edu.tw (b) E-mail: huck@phys.sinica.edu.tw noise. In this case the analog of synchronization phenomenon is a transition to coherence when particles move in unison being in a thermodynamically stable state. Among such nonlinear systems are coupled classical phase oscillators with inertia [31] [32] [33] . They have attracted increasing attention and have been the subject of extensive studies [34] . The system, called Hamiltonian mean-field (HMF) model, demonstrates a transition from an incoherent to a coherent state [31] and was shown to exhibit many interesting behaviors, including an oscillation of macroscopic variables [35] , diffusive anomalies [36] [37] [38] and emergence of quasistationary states [39] and their loss in the presence of stochastic dynamics in the long time limit [40] . It was also shown that the model (also called as globally coupled rotors) possesses an inequivalence between microcanonical and canonical ensembles [41, 42] .
A logical step in the research area related to HMF model would be to study its properties on various complex networks, starting with one particular network setup. Thus in this paper we introduce a model of phase oscillators with inertia, a non-globally-coupled HMF model, connected in a network with a random number of links [43] . The phase oscillators are located at the nodes of the network that has its links favor connection of oscillators with close values of phases.
We are interested in the equilibrium properties of the system. As the phase oscillators begin to interact, they tend to become coherent as the coupling strength 10008-p1 Karen G. Petrosyan and Chin-Kun Hu increases or the temperature decreases. Indeed, for large enough values of the interaction parameter or at low temperatures we observe a second-order phase transition to a coherent state when all the oscillators move in-phase. Further decrease of temperature brings the system to a more synchronized state as higher degrees of coherence become non-zero. We observe a stepwise transition to higher degrees of coherence as the system goes through a series of second-order phase transitions for the order parameters. The more oscillators become coherent, the more they become linked thus driving the system towards a well-connected network of in-phase oscillators. The model could be useful for studying nonlinear resonant interactions of lattice vibrations in ferroelectrics [31, 44] and systems of interacting oscillators and fields [45] .
Model system. -Let us consider a system of phase oscillators which are connected in a network of N nodes with random links [43] . We assume that there is an interplay between the structure of the network and the processes taken place in it. Each node of the network is being assigned a phase variable φ i (i =1, 2,...,N). The links of the network are described by J ij variables. The Hamiltonian for our model system is as follows:
where p i = Mφ i and φ i are, respectively, the "momentum" and the phase for the i-th oscillator, M is the "mass", γ is the interaction (coupling) parameter, J ij 's take values 0 or 1 in case i-th and j-th oscillators are disconnected or connected, respectively. The coupling parameter is positive thus the interaction favors the connection of oscillators with close values of phases. The last term in the Hamiltonian is responsible for finite connectivity with the parameter α that guarantees the normalization. Apparently, α i st h ee n e r g yc o s tt h a ti tt a k e st oa d dan e wl i n k . We will use another parameter c defined via c/(N − c)= e −αβ ,w h e r eβ is the inverse temperature. The ratio c/N can be roughly treated as the probability of a link formation for weak interactions or high temperatures (βγ → 0) in which cases the parameter c is the network connectivity (see [43] for more rigorous formulations and [46] for details of a related model). We also assume the network to be sparsely connected with c ≪ N . Notice that the model differs from spin-glass-type models considered earlier [47] .
Order parameters and phase diagram. -Let us now consider the equilibrium properties of the model. We need to calculate the partition function for the system
First we integrate over the momentum p i variables to Then we make use of .
Let us now use the following expansion: e βγ cos(φi−φj ) = I 0 (βγ)+2
, where I k (x)arethe modified Bessel functions of order k [48] to arrive at
Using cos k(φ i −φ j )=coskφ i ·cos kφ j +sinkφ i ·sin kφ j and
(the same for sin) as well as
2 we obtain
Then we transform the above expression to
where B = e 1 2 cN I0(βγ)+cI0(βγ)−ce βγ . We have obtained now the following expression for the partition function:
with A =( 2 +bµz * +bµz we finally arrive at the following expression for the partition function: Here we have defined
to be the order parameter that measures the extent of coherence in the system of N phase oscillators. Equation (6) has been used to define the order parameter of the stochastic Kuramoto model [29, 30] . I 0 (x)a n dI 1 (x) are the modified Bessel functions [48] and they are related by the equation I 1 (x)=dI 0 (x)/dx. Equation (5) is the expression for the effective free energy that is a generalization of the previous obtained results [31] [32] [33] with new coefficients which involve the modified Bessel function of t h efi r s tk i n d . In order to study equilibrium properties of the system we obtain from (5) the following equation for a steadystate determined via F ′ (µ)=0:
w h e r ew en o wu s eµ for |µ|. Noticing that the second derivative of the free energy at µ = 0 changes its sign at
we thus find the critical temperature T c from the above equation (8) . We use numerical method to solve eq. (7) to obtain the degree of coherence µ as a function of the control parameter βγ and plot the results in fig. 1 , where β is the inverse temperature and γ is the coupling strength parameter, see eq.
(1). The equilibrium case under consideration is qualitatively similar to the case of globally coupled oscillators considered earlier [31] [32] [33] and to dilute ferromagnets [43, 49, 50] .
There is a second-order phase transition that occurs at the critical temperature T c . The phase diagram in fig. 2 , obtained via eq. (8) displays the interplay between c and β c γ. It shows that the better network is connected the weaker coupling is required. Meanwhile, it alternatively demonstrates that for sufficiently strong interactions or low temperatures a loosely coupled network of randomly linked oscillators can become coherent. We have performed numerical simulations based on the canonical Gibbs distribution with the Hamiltonian (1) that support the obtained phase diagram and show a good comparison with the solution of eq. (7) for the degree of coherence order parameter µ (see fig. 1 ).
Let us now introduce the following degrees of coherence defined as
where k runs 1, 2,...,n,... . The coherence degree ν defined by eq. (6) in the previous section is the first-degree coherence that is
e iφi . The higher degrees of coherence which we have just introduced naturally come out from the partition function (3). Indeed, similarly to the above one can obtain from eq. (3) the following expression for the free energy as a function of the degrees of coherence for arbitrary values of βγ: Stationary values for the coherence degrees µ k are obtained via
The structure of the equation for each µ k is the same as eq. (7) with the only exception that the critical value, the threshold, that marks the transition from zero to a non-zero value is now Figure 3 displays the dependence of the first five degrees of coherence (µ 1 ,µ 2 ,...,µ 5 ) vs. the control parameter βγ. The curve for the first degree of coherence µ 1 reproduces fig. 1 on a different scale of the control parameter. The critical value for β (1) c γ has been about 0.01. Then we find that the critical value for the second degree of coherence
c γ another phase transition occurs. Thus, the system becomes more ordered in the sense that the values of phases of oscillators become even closer to each other. This process continues as the system goes gradually through a series of phase transitions (see similar behavior of µ 3 ,µ 4 ,µ 5 in fig. 3 ) to states with higher degrees of coherence. Our numerical simulations prove the existence of the series of phase transitions and show good agreement with analytical results.
As we just showed above the critical values of the control parameters are determined via cI k (β Critical point β Table 1 displays critical values of the control parameter βγ obtained from eqs. (12) and (13) . For the first two degrees of coherence the match is perfect and it is very good for the next two order parameters. As βγ increases the approximation becomes no longer valid as can be seen for the order parameter µ 5 .
Our analytical and numerical results show that the critical temperatures decrease with the increase of k and we observe a stepwise transition to higher degrees of coherence as the system goes through a series of secondorder phase transitions for the order parameters.
Summary and discussion. -In conclusion, we have considered a system of rotational oscillators connected in a network with random number of links and obtained a second-order phase transition to coherence state. In particular, we have shown that the better network is connected the weaker coupling is required, and vice versa; for sufficiently strong interactions or low temperatures a loosely coupled network of randomly linked oscillators can become coherent.
Then we found that further decrease of temperature brings the system to a more ordered state as higher degrees of coherence, which we have introduced, become non-zero. We have observed a stepwise transition to higher degrees of coherence as the system goes through a series of secondorder phase transitions for the order parameters. The more oscillators become coherent, the more they become linked thus driving the system towards a well-connected network of in-phase oscillators.
Among real systems where the above results could find applications are nonlinear resonant interaction of lattice vibrations in ferroelectrics [31, 44] and, more generally, systems of interacting oscillators and fields [45] given that the interactions are random in the sense described above. The higher degrees of coherence introduced in this paper could also be useful in the study of synchronization phenomena in the presence of noise [5, 29] .
This work can be extended to investigate the same system but having both subsystems (the ensemble of phase oscillators and the network) in equilibrium at two different temperatures as novel nonequilibrium phenomena may be revealed [51, 52] . Besides, it would be interesting to study the properties of the model in various complex networks. * * * This work was supported by the National Science Council in Taiwan under Grant Nos. NSC 100-2112-M-001-003-MY2, NSC 100-2811-M-001-098, and NCTS in Taiwan.
